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Abstract
The one-loop QCD heavy quark potential is computed to order v2 in the
color singlet and octet channels. Several errors in the previous literature
are corrected. To be consistent with the velocity power counting, the full
dependence on |p + p′|/|p′ − p| is kept. The matching conditions for the
NRQCD one-loop potential are computed by comparing the QCD calculation
with that in the effective theory. The graphs in the effective theory are also
compared to terms from the hard, soft, potential, and ultrasoft regimes in
the threshold expansion. The issue of off-shell versus on-shell matching and
gauge dependence is discussed in detail for the 1/(m|k|) term in the potential.
Matching on-shell gives a 1/(m|k|) potential that is gauge independent and
does not vanish for QED.
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I. INTRODUCTION
For processes involving a non-relativistic heavy quark and antiquark, it is useful to
combine the αs expansion of QCD with an expansion in powers of the relative velocity v.
The scattering of a heavy quark and antiquark, Q(p) + Q¯(−p) → Q(p′) + Q¯(−p′), can be
described using a potential V , which has an expansion in powers of the velocity v and αs,
V (p,p′) =
∞∑
n=−2
V (n), V (n) =
∞∑
j=1
V (n,j),
where V (n) ∼ vn , V (n,j) ∼ vnαjs . (1)
An important complication of non-relativistic scattering is the presence of two low-energy
scales, mv and mv2, which correspond to the momentum and energy of the heavy quark, re-
spectively. In this paper, we will assume thatmv2 ≫ ΛQCD, and ignore any non-perturbative
effects.
The first term in Eq. (1), V (−2,1), is the static Coulomb potential at tree-level,
V (−2,1) = C
4παs
|p− p′|2
, (2)
where the color factor C depends on the relative color state of the incident quark and
antiquark. For j > 1, V (−2,j) are perturbative corrections to the Coulomb potential which
are known to two loops [1,2].
The static potential for a color singlet QQ¯ pair is often defined in terms of the expectation
value of a rectangular Wilson loop of width R and length T :
V (−2)(R) = − lim
T→∞
1
iT
ln
〈
Tr P exp
(
ig
∮
dxµA
µ
aT
a
)〉
. (3)
The Feynman diagrams corresponding to this expectation value build up the exponential
of the static potential. As a result, in computing the static potential V (−2,j) at order j,
iterations of lower order terms in the potential, V (−2,n), n < j, are subtracted. At three loops
Appelquist, Dine and Muzinich [3] have shown that infrared divergences are encountered
in V (−2,4)(R) which are not canceled by simply subtracting iterations of the lower order
potentials. Thus, using the definition in Eq. (3) at higher orders in perturbation theory, or
generalizing this approach to subleading terms in the v expansion, becomes cumbersome
as the set of subtractions become more complicated, and perturbative subtractions are
insufficient to render the potential in Eq. (3) well-defined.
A convenient framework for investigating the expansion in Eq. (1) is the effective field
theory for non-relativistic QCD (NRQCD), formulated with a power counting in v [4–16].
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In the effective field theory, it is more convenient to define the potential as the Wilson
coefficient of a four-quark operator [11]
Lp = −
∑
p,p′
Vαβλτ (p,p
′) µ2ǫ
[
ψp′
†
α
(x) ψpβ(x) χ−p′
†
λ
(x) χ−pτ (x)
]
. (4)
In Eq. (10), the fields ψ and χ annihilate a quark and an antiquark, respectively. The
fields are labelled by a momentum p, and a greek index for their color and spin. The
operator in Eq. (4) is local on the scale x ∼ 1/mv2, but non-local on the scale p ∼ mv.
The potential V is computed as a matching coefficient at the scale µ = m between QCD
and an effective theory for non-relativistic QCD valid below the scale m. The effective
theory is constructed to have the same infrared structure as perturbative QCD for the two
heavy quark system. Therefore, defining the potential as a matching coefficient provides an
infrared safe definition. For instance, Ref. [17] shows how the three-loop matching potential
V is infrared safe, despite the divergence in the QCD potential of Appelquist, Dine and
Muzinich [3].
Although several different formulations of the effective theory for non-relativistic QCD
are currently in use [5–16,18–20], certain universal features have emerged. The on-shell de-
grees of freedom in the effective theory include quarks with energy E ∼ mv2 and momentum
p ∼ mv, soft gluons with E ∼ p ∼ mv, and ultrasoft gluons with E ∼ p ∼ mv2. The soft
and ultrasoft modes are distinct, for instance a consistent power counting in v demands that
the ultrasoft gluon interactions are multipole expanded [6,9], while soft gluon interactions
are not. The soft gluons are essential to correctly reproduce the beta function in the ef-
fective theory [14], and run between the scales m and mv. Other massless on-shell fields,
such as light quarks, will have ultrasoft and soft components too. There are also important
off-shell field components, such as the exchange of gluons with E ∼ mv2 and p ∼ mv that
build up the potential. Soft heavy quarks with E ∼ p ∼ mv are also off-shell relative to
the heavy quark states of interest. These off-shell field components can be integrated out
of the Lagrangian in the effective theory. Doing this leaves a Lagrangian that is non-local
at the scale mv, but local at mv2. This procedure, which treats the potential components
as four quark operators, was first seriously investigated in Ref. [11], and the resulting ef-
fective theory is referred to as pNRQCD. In Ref. [11] it was proposed that the matching
onto effective theories should take place in two stages: at µ = m one matches QCD onto
NRQCD as originally defined in Ref. [5], and then matches NRQCD onto pNRQCD at the
scale µ = mv.
The matching of four-quark operators at m was considered in Ref. [12], following the
proposal in Ref. [8] that the matching procedure should be similar to that in HQET. How-
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ever, in general this procedure seems to be slightly problematic [16]. First note that it is
necessary to include the kinetic term for the potential quarks immediately below the scalem.
For instance, this is necessary to reproduce the threshold value of the two-loop anomalous
dimension for the heavy quark production current [21] in the effective theory [16]. With
the kinetic energy term included at leading order, the consistency of the v power counting
forces us to have both ultrasoft and soft modes right below m (along with the multipole
expansion etc.). If we note that the kinetic energy term is necessary to correctly reproduce
the Coulombic infrared divergences in the effective theory, then it might seem obvious that
it must be included in order to have the correct infrared structure. At one-loop, matching
exactly at threshold in dimensional regularization seemed to provide a method of avoiding
this [12], but this procedure fails at two-loops.
Since we must include the kinetic energy term for all µ < m it seems quite natural
to immediately consider matching at µ = m onto an effective theory where the off-shell
potential gluons and soft quarks have been integrated out. Such a formulation was proposed
in Ref. [16] and will be considered in this paper. It will be referred to as vNRQCD. In
this theory it is more appropriate to consider the running from m to the scales mv and
mv2 in a single step. This is accomplished by using the velocity renormalization group [16].
Once the vNRQCD effective theory has been run down to the low scale the soft degrees of
freedom have served their purpose and may be integrated out. In this final effective theory
no additional running needs to be considered.
In this paper we compute the one-loop matching for the QQ¯ and QQ potentials between
QCD and vNRQCD up to corrections of order v2. Ours results are compared to the match-
ing calculation of Pineda and Soto [12] for the four-quark operators and to the threshold
expansion [13]. The main difference between the the non-relativistic theories in Refs. [16]
and [11,12,19] is the way in which large logarithms of v are summed in the effective theory.
There is also some difference in the matching corrections; some contributions in vNRQCD
that arise at the scale µ = m are instead computed at µ = mv in pNRQCD. We will discuss
the differences between the two approaches in the text of the paper.
The full QCD calculation of the QQ¯ scattering to order α2sv
0 in the non-relativistic
expansion has been done before [22,23]. In calculating the potentials, Ref. [22] performs an
additional expansion, assuming
(p′ + p )2
(p ′ − p )2
≪ 1 . (5)
In the usual v power counting, p and p′ are both of order v, so the ratio in Eq. (5) is
of order unity, and cannot be treated as small. For this reason, in section II we redo the
4
QCD calculation keeping the full dependence on this ratio for both the color singlet and octet
channels. For the order v0 spin-independent potential, terms proportional to (p+p′)2 which
were dropped in previous calculations [22,23] are necessary to match infrared divergences
between the full and effective theories.
In section III we discuss the order v0 potential of the form
(p′2 − p2)2
m2(p ′ − p )4
. (6)
For free quark states this potential vanishes on-shell by energy conservation, p′2 = p2, and
need not be included in the potential if one uses on-shell matching [24]. The potential in
Eq. (6) gives a non-zero contribution in loops or in matrix elements with external Coulomb
states, and is often included in the quark potential. For instance, the usual Breit Hamiltonian
includes a potential of the form in Eq. (6). A potential that is only non-zero off-shell can
be gauge dependent, and including the potential of Eq. (6) induces gauge dependence in
the coefficients of on-shell potentials. Using an off-shell potential gives correct results if all
calculations are performed in the same gauge. We will use an on-shell basis for the potential
where the term in Eq. (6) does not occur. The matching coefficients for the on-shell potential
are gauge independent, since scattering amplitudes are measurable quantities. The difference
between the on-shell matching potential and the Breit Hamiltonian is compensated for by
a corresponding change in the 1/|p′−p| potential, as discussed in more detail in section III
(see also Refs. [25–29]).
In section IV we extend all of our results for the quark-antiquark potential to the quark-
quark potential and in section V we give the QED limit of our results. Section VI gives our
conclusions.
II. MATCHING THE POTENTIAL TO O(v2)
The vNRQCD effective Lagrangian has the form
L = Lu + Ls + Lp . (7)
The ultrasoft Lagrangian Lu involves the fields ψp which annihilate a quark, χp which anni-
hilate an antiquark, and Aµ which annihilate and create ultrasoft gluons. The potential La-
grangian Lp contains operators with four or more quark fields including the quark-antiquark
potential. Finally the soft Lagrangian Ls contains all terms that involve soft fields which
have energy and momenta of order mv. Heavy quarks with soft energy and momenta are
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off-shell and are therefore integrated out, so they do not appear explicitly in Ls. The terms
we need in the ultrasoft Lagrangian are
Lu = −
1
4
F µνFµν +
∑
p
ψ†p
{
iD0 −
(p− iD)2
2m
+
p4
8m3
}
ψp
+χ†p
{
iD0 −
(p− iD)2
2m
+
p4
8m3
}
χp . (8)
The covariant derivative on ψp and χp contain the color matrices T
A and T¯A for the 3 and
3¯ representations, respectively. Here Dµ involves only the ultrasoft gluon fields: Dµ = ∂µ +
igµǫUA
µ = (D0,−D), soD0 = ∂0+igµǫUA
0,D = ∇−igµǫUA. The factors of the ultrasoft scale
parameter µǫU are included to make g = g(µU) dimensionless in d = 4− 2ǫ dimensions. The
ultrasoft gluon field Aµ is order v2 and has dimension 1− ǫ, so Aµ ∼ (mv2)1−ǫ. Consistency
of the v power counting for the covariant derivative in d dimensions then requires µU = mν
2
where ν ∼ v. This reproduces the dependence of µU on the subtraction velocity ν given in
Ref. [16]. The terms we need in the soft Lagrangian are
Ls =
∑
q
{ ∣∣∣qµAνq − qνAµq ∣∣∣2 + ϕ¯q q/ϕq + c¯q q2cq
}
(9)
−g2µ2ǫS
∑
p,p′,q,q′
{
1
2
ψp′
† [Aµq′ , A
ν
q ]U
(σ)
µν ψp +
1
2
ψp′
† {Aµq′ , A
ν
q}W
(σ)
µν ψp
+ψp′
† [c¯q′, cq]Y
(σ) ψp + (ψp′
† TBZ(σ)µ ψp) (ϕ¯q′γ
µTBϕq)
}
+ (ψ → χ, T → T¯ ) ,
where Aq, cq, and ϕq are soft gluons, ghosts, and massless quarks. The functions U , W , Y ,
and Z are given in Appendix A. After integrating out the soft quarks the Lagrangian Ls
is no longer manifestly gauge invariant with respect to gauge transformations at the scale
mv. Therefore, determining the dependence of the soft scale parameter µS on ν may seem
more difficult than the ultrasoft case. However, prior to integrating out the soft quarks the
combination gµǫSAq is from a covariant derivative, and Aq ∼ (mv)
1−ǫ, yielding µS ∼ mν in
agreement with Ref. [16]. In Eq. (9), g = g(µS). In general it is important to realize that
the v scaling of µU and µS are different. If the matching calculation is performed at the
scale1 m, then for this computation µ = µS = µU = m and ν = 1 (where the usual QCD
scale parameter is denoted by µ). Therefore, for the matching at m it is not essential to
distinguish between µS and µU .
1It is not necessary to match exactly at m. If the matching scale is µ = µh ∼ m, then
one still sets µU = µS = µh and ν = 1, and factors of ln(µh/m) appear in the matching
coefficients. For convenience we choose µh = m in this paper.
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The potential interaction relevant for our calculation is
Lp = −
∑
p,p′
Vαβλτ (p,p
′) µ2ǫS ψp′
†
α
ψpβ χ−p′
†
λ
χ−pτ . (10)
The factor of µ2ǫS is included so that in d = 4−2ǫ dimensions the potential V has dimension
−2. α, β, λ, τ denote color and spin indices. We will use the basis in which the potential is
written as a linear combination of 1⊗ 1 and T a⊗ T¯ a in color space. One can convert to the
color singlet and octet potential using the linear transformation

 Vsinglet
Voctet

 =

 1 −CF
1 1
2
CA − CF



 V1⊗1
VT⊗T¯

 , (11)
where CF = (N
2
c − 1)/(2Nc) and CA = Nc. We will also need the invariants C1 = (N
2
c −
1)/(4N2c ) and Cd = Nc − 4/Nc. These arise in the identities
TATB ⊗ T¯AT¯B = −
1
4
(CA + Cd)T
A ⊗ T¯A + C11⊗ 1 ,
TATB ⊗ T¯BT¯A =
1
4
(CA − Cd)T
A ⊗ T¯A + C11⊗ 1 . (12)
Written as a matrix, the order v−2 Coulomb potential is
V (−2) = (TA ⊗ T¯A)
V(T )c
k2
+ (1⊗ 1)
V(1)c
k2
, (13)
where k = p′ − p, and the coefficients V(T )c and V
(1)
c have an expansion in αs.
The order v0 potential includes
V (0) = (TA ⊗ T¯A)

V(T )2
m2
+
V(T )r (p
2 + p′2)
2m2 k2
+
V(T )s
m2
S2 +
V
(T )
Λ
m2
Λ(p′,p) +
V
(T )
t
m2
T(k)


+(1⊗ 1)

V(1)2
m2
+
V(1)s
m2
S2

 , (14)
where
S =
σ1 + σ2
2
, Λ(p′,p) = −i
S · (p′ × p)
k2
, T(k) = σ1 · σ2 −
3k · σ1 k · σ2
k2
, (15)
and σ1/2 and σ2/2 are the spin-operators on the quark and anti-quark. Note that on-shell
p′ 2 = p2, but we have written p2 + p′2 in Eq. (14) so that the Lagrangian Lp is hermitian.
The tree level diagram in Fig. 1a generates terms ofO(v2kαs), k ≥ −1, in the QCD potential.
Matching at µ = m, ν = 1 gives
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(a)
p p′
-p -p′
(b)
FIG. 1. QCD diagrams for tree level matching.
V(T )c = 4παs(m) , V
(1)
c = 0 , V
(T )
r = 4παs(m) ,
V(T )s = −
4παs(m)
3
, V
(T )
Λ = −6παs(m) , V
(T )
t = −
παs(m)
3
,
V(1)s = 0 , V
(T )
2 = 0 , V
(1)
2 = 0 . (16)
The annihilation diagram in Fig. 1b generates terms of order αsv
2k, k ≥ 0 in the potential.
Using Fierz identities and charge conjugation, these operators can be transformed into the
basis in Eq. (14) and give additional contributions to the matching. Only V(T,1)s receive
non-zero annihilation contributions at tree level:
V(T )s,a =
1
Nc
π αs(m) , V
(1)
s,a =
(N2c − 1)
2N2c
π αs(m) . (17)
The complete tree level matching is given by adding the terms in Eqs. (16) and (17). We have
found it convenient to distinguish the annihilation contributions by including an additional
subscript a on the coefficients they generate. The leading-log values of the order v0 potentials
in Eq. (14) were calculated in Refs. [30,20], but are not needed here. Nonzero values for
V
(T,1)
2 are generated in the renormalization group flow below the scale m [20], as well as by
the one-loop matching as we will see below.
At one-loop the matching onto QCD gives order 1/v terms of the form
V (−1) =
π2
m |k|
[
V
(T )
k (T
A ⊗ T¯A) + V
(1)
k (1⊗ 1)
]
, (18)
where the coefficients V
(T,1)
k are dimensionless. In d = 4 − 2ǫ dimensions the one-loop
matching produces a potential with the dependence µ2ǫ/|k|1+2ǫ. We have chosen to define
V (−1) by taking the d → 4 limit, which differs from the definition of this operator used in
Ref. [31].
A. The QCD Calculation
To perform the potential matching calculation, we consider the on-shell QQ¯ scattering
amplitude in QCD and in vNRQCD to order α2sv
0. We will use Feynman gauge, regulate
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infrared divergences with a finite gluon mass2 λ, and renormalize ultraviolet divergences with
dimensional regularization and the MS scheme. Since the calculation is performed on-shell
the resulting matching coefficients will be gauge independent.
We begin by considering the QCD diagrams. The most complicated diagram is the QCD
box diagram [32,33] which includes contributions of order 1/v3, 1/v2, 1/v and v0, as well as
higher order terms which we do not need in this paper.
=
iα2s
k2
(TATB ⊗ T¯AT¯B)
[
2imπ
p
ln
(k2
λ2
)
− 4 ln
(k2
λ2
)
(19)
+
π2k
mp (2p+ k)
{
6p2+
5pk
2
+
k2
4
− 3k2Λ−
(
pk +
5k2
6
)
S2 −
k2T
12
−
kR
4(2p+ k)
}
+
6iπk2Λ
mp (4p2 − k2)
{
k2 ln
(2p
λ
)
− 4p2 ln
(k
λ
)}
+
iπk2S2
3mp (4p2 − k2)
{
k2 − 4p2 + (5k2 − 12p2) ln
(2p
λ
)
− (4p2 + k2) ln
(k
λ
)}
+
iπk2T
6mp (4p2 − k2)
{
4p2 − k2 + k2 ln
(2p
λ
)
+ (−8p2 + k2) ln
(k
λ
)}
−
iπk2R
2mp (4p2 − k2)2
{
k2 − 4p2 + (4p2 + k2) ln
(2p
k
)}
+
iπ
2mp (4p2 − k2)
{
4p2k2 − k4 − k2(4p2 + k2) ln
(2p
λ
)
+ (80p4 − 16p2k2 + k4) ln
(k
λ
)}
−
6k2
m2
+
8k2S2
3m2
−
k2T
3m2
+ ln
(λ
k
){56p2
3m2
−
12k2Λ
m2
−
8k2S2
3m2
−
2k2T
3m2
}
+ ln
( k
m
){4k2
m2
−
2k2S2
m2
}]
,
where k = |k|, p = |p| = |p′| and
R = (p+ p′)· σ1 (p+ p
′)· σ2 . (20)
The real part of the order 1/v amplitude agrees with Ref. [22] in the limit p → k/2. We
have kept the full p dependence since taking this limit is not justified by the power counting.
We have also kept imaginary terms generated by the cut amplitude to emphasize how these
terms are correctly reproduced in the effective theory. The real part of the spin dependent
order v0 amplitude agree with the result in Ref. [34]. The real part of the spin independent
order v0 amplitude agrees with Ref. [23], except for the order v0 ln(k) and ln(λ) dependence.
2Using a finite gluon mass is dangerous in the presence of diagrams with the non-abelian
gluon vertices. All such diagrams we require here are IR finite in Feynman gauge.
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The difference is due to the condition |p′ + p| ≪ k which was imposed in Refs. [22,23], but
which violates the v power counting. (For the crossed box given below in Eq. (21a), the order
v0 ln(λ) and ln(k) also differs from Ref. [23].) The remaining direct scattering diagrams are
less complicated since they have no cuts:
=
iα2s
k2
(TATB ⊗ T¯BT¯A)
[
4 ln
(k2
λ2
)
−
π2k
m
(21a)
+ ln
(λ
k
){ 8k2
3m2
−
56p2
3m2
+
12k2Λ
m2
+
8k2S2
3m2
+
2k2T
3m2
}
+ ln
( k
m
){
−
6k2
m2
+
2k2S2
m2
}
+
2k2
m2
−
2k2S2
3m2
+
k2T
3m2
]
,
+ = −
iα2s
k2
CA(T
A ⊗ T¯A)
[
3 ln
( µ2
m2
)
+ 4 +
π2k
2m
+ ln
( k
m
){4k2
m2
−
4k2S2
3m2
−
k2T
3m2
−
4k2Λ
m2
}
+ ln
( µ
m
){6p2
m2
−
9k2Λ
m2
−
2k2S2
m2
−
k2T
2m2
}
+
4p2
m2
−
8k2Λ
m2
−
2k2S2
m2
−
k2T
2m2
]
, (21b)
+ = −
iα2s
k2
(2CF− CA)(T
A ⊗ T¯A)
[{
2 ln
( λ2
m2
)
+ln
( µ2
m2
)
+4
}
M0
+
k2
m2
−
2k2S2
3m2
−
k2T
6m2
−
2k2Λ
m2
+
4k2
3m2
ln
( λ
m
)]
, (21c)
+ perms =
iα2s
k2
2CF (T
A ⊗ T¯A)
{
2 ln
( λ2
m2
)
+ ln
( µ2
m2
)
+ 4
}
M0 , (21d)
+ = −
iα2s
k2
CA(T
A ⊗ T¯A)
{
5
3
ln
(µ2
k2
)
+
31
9
}
M0 , (21e)
and the light quark loops for nf flavors gives:
=
iα2s
k2
nfTF (T
A ⊗ T¯A)
{
4
3
ln
(µ2
k2
)
+
20
9
}
M0 , (21f)
while the heavy quark fermion loop gives:
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=
iα2s
k2
TF (T
A ⊗ T¯A)
{
4
3
ln
( µ2
m2
)
M0 −
4k2
15m2
}
. (21g)
In Eq. (21) the matrix element
M0 = 1 +
p2
m2
−
k2S2
3m2
−
3k2Λ
2m2
−
k2T
12m2
. (22)
Note that we disagree with Ref. [23] on the order v0 spin independent part of Eq. (21b).
Ref. [23] has an additional non-logarithmic 1/m2 term. The difference arises because we
find a different value for the order k2 term in the non-Abelian F1 form-factor. Eqs. (21c)
through (21g) agree with Ref. [23].
The diagrams in Eq. (19) and (21) have contributions from several different scales. In
particular, in the language of the threshold expansion [13], the hard regime gives ln(µ/m)’s,
the soft regime gives ln(µ/k)’s, and the ultrasoft regime gives ln(µ/λ)’s. There are also
i ln(λ/p) and i ln(λ/k) terms from the Coulomb divergence in the potential regime. In
addition to logarithms, all regimes can give constant factors. In the effective theory, terms
from the hard regime are absorbed into matching coefficients such as the four-quark potential
operators and the remaining terms correspond to graphs involving modes in the effective
theory. These graphs are discussed in more detail below.
Next consider the one-loop annihilation diagrams in QCD. Since the intermediate gluons
are hard we expect these graphs to include a factor of 1/m2, thus giving hard order v0
contributions to the potential. However, the graph in Eq. (23c) also has terms enhanced by
a factor of m/p, which are order 1/v contributions.
+ = −
iα2s
m2
[{(C1
Nc
+
Cd(N
2
c −1)
8N2c
)
(1⊗ 1) +
( Cd
4Nc
−2C1
)
(TA ⊗ T¯A)
}
× (S2−2)(iπ+2−2 ln 2)− CA
{
(N2c −1)
2N2c
(1⊗ 1)+
1
Nc
(TA ⊗ T¯A)
}
× S2
{
iπ
12
+
1
6
−
ln 2
6
−ln
( λ
m
)}]
, (23a)
+ = −
iα2s
m2
CA
{
(TA ⊗ T¯A)
1
Nc
+ (1⊗ 1)
(N2c − 1)
2Nc
}
× S2
{
3
2
ln
( µ
m
)
+
4
3
+
2 ln 2
3
−
iπ
3
}
, (23b)
+ = −
iα2s
4m2
(2CF − CA)
{
(TA ⊗ T¯A)
1
Nc
+ (1⊗ 1)
(N2c − 1)
2Nc
}
× S2
{
π2m
p
+
2iπm
p
ln
(2p
λ
)
− 4 + 2 ln
( µ
m
)
+ 4 ln
( λ
m
)}
, (23c)
11
+ perms =
iα2s
m2
CF
{
(TA ⊗ T¯A)
1
Nc
+ (1⊗ 1)
(N2c − 1)
2Nc
}
× S2
{
ln
( λ2
m2
)
+ ln
( µ
m
)
+ 2
}
, (23d)
+ = −
iα2s
m2
5CA
12
{
(TA ⊗ T¯A)
1
Nc
+ (1⊗ 1)
(N2c − 1)
2Nc
}
× S2
{
ln
( µ2
m2
)
− 2 ln 2 +
31
15
+ iπ
}
, (23e)
and the light quark loop for nf flavors gives:
=
iα2s
m2
nfTF
3
{
(TA ⊗ T¯A)
1
Nc
+ (1⊗ 1)
(N2c − 1)
2Nc
}
× S2
{
ln
( µ2
m2
)
− 2 ln 2 +
5
3
+ iπ
}
, (23f)
while the heavy quark loop gives:
=
iα2s
m2
TF
3
{
(TA ⊗ T¯A)
1
Nc
+ (1⊗ 1)
(N2c − 1)
2Nc
}
× S2
{
ln
( µ2
m2
)
+
8
3
}
. (23g)
In the limit p → k/2, the results in Eq. (23) agree with Ref. [22], except for Fig. (23c)
and differences that can be accounted for by the fact that we are using MS rather than
an on-shell subtraction scheme. For Fig. (23c), Ref. [22] has a π2/k term which for us is
−π2/(2p). This sign for the π2/p term is in agreement with Ref. [35]. The imaginary parts
of these one-loop annihilation amplitudes also agree with Ref. [5]. Note that in Eqs. (19),
(21), and (23), αs = αs(µ).
B. The Effective Theory Calculation
The effective theory contains potential, soft and ultrasoft loops. We have organized the
terms by their order in the velocity expansion. The order in v can be determined using the
v power counting formula3 in Eq. (40) of Ref. [16]. A loop graph with two insertions of the
Coulomb potential contributes to a 1/v3 potential, and with an insertion of one Coulomb
and one V (0) potential contributes to a 1/v potential. A soft loop with two vertices of order
3Here the power of v is given for the amputated diagram, so unlike Eq. (40) in Ref. [16]
the factors of v associated with external lines are not included.
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σ and σ′ contributes to the vσ+σ
′−2 potential. Graphs involving the exchange of an ultrasoft
gluon begin to contribute to the potential at order v0, etc.
1. Order 1/v3
In the effective theory taking two insertions of the tree level Coulomb potential in a loop
gives the only diagram that is order α2s/v
3:
= i
[V(T )c ]
2
16π2
(TATB ⊗ T¯AT¯B)
2imπ
k2 p
ln
(k2
λ2
)
. (24)
Taking µ = m and ν = 1 and using the tree level value of V (T )c , this graph exactly reproduces
the order α2s/v
3 “Coulomb singularity” term in the QCD box diagram in Eq. (19). Thus,
there is no matching correction at this order.
2. Order 1/v2
At order α2s/v
2 in the effective theory, the only non-zero diagram involves the exchange
of soft gluons, ghosts and quarks:
=
iα2s(µS)
k2
(TA ⊗ T¯A)
[
4TFnf − 11CA
3
{
1
ǫˆ
+ ln
(µ2S
k2
)}
+
20TFnf − 31CA
9
]
, (25)
where 1/ǫˆ = 1/ǫ− γ + ln(4π) is the combination subtracted in MS. The divergence in this
graph is responsible for the one-loop running of V(T )c . At one-loop, to order v
0 the effective
theory counterterms (and running of the potential) were computed in Ref. [20] and from
now on the 1/ǫˆ dependence will be dropped. The sum of order α2s/v
2 terms from the QCD
diagrams in Eqs. (19) and (21) is
iα2s(µ)
k2
(TA ⊗ T¯A)
[
4TF
3
ln
( µ2
m2
)
+
4TFnf − 11CA
3
ln
(µ2
k2
)
+
20TFnf − 31CA
9
]
. (26)
At the scale µ = µS = m the MS values of Eq. (25) and Eq. (26) are identical, so there
is no one-loop matching correction to Vc. The difference in ln(µ)’s in Eqs. (26) and (25) is
the change in β-function from nf + 1 to nf flavors. We would expect a new contribution
to Vc only if the QCD graphs have a contribution from the hard regime where energy and
momenta are order m. In Eqs. (21b), (21c), and (21d), the factors of −3 ln(m2)+4 are from
the hard regime, but they sum to zero. For the ln(m) terms this is a consequence of the
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Ward identity derived in Ref. [3]. The constant factor (20TFnf − 31CA)/9 vanishes in the
matching condition at m, and is carried to scales below m by the soft modes.
Note that if at the scale ν = vk ∼ k/m we integrate out the soft modes, then the
Coulomb potential for the theory below this scale, Vc, will obtain an additional contribution
from this second stage of matching: V
(T )
c (vk) = V
(T )
c (vk) − (20TFnf − 31CA)α
2
s(mvk)/9. In
this expression V(T )c (vk) is the value of V
(T )
c obtained from running this coefficient from ν = 1
to ν = vk using its two-loop anomalous dimension. This reproduces the constant factor that
is typically associated with the Coulomb potential at next-to-leading order (see for instance,
Ref. [1]). Similarly, one can obtain the additional terms from the matching contributions
for the v0 potentials at mv from the value of the soft loops given in Eq. (31).
3. Order 1/v
The possible order α2s/v diagrams with soft gluons vanish explicitly, so the only order
α2s/v diagrams in the effective theory involve two iterations of the potential. There are two
diagrams with insertions of V(T )c :
Vc Vc×
+ ∆E
Vc Vc
=
i[V(T )c ]
2
4m
TATB ⊗ T¯AT¯B
(
IF + 2 p
2 I0
)
, (27)
where the integrals I0 and IF are given in Appendix B. The dependence on V
(1)
c is not
needed since tree level matching gives V(1)c = 0. In the first diagram in Eq. (27), the cross
denotes an insertion of the p4/m3 operator from Eq. (8). The second diagram is nominally
order α2s/v
3; however it depends on the heavy quark energy E = p2/(2m)−p4/(8m3) + . . ..
When the energy is expanded in terms of momenta, the graph includes a contribution of
order α2s/v which we indicate by the pre-factor ∆E in Eq. (27). Each of the diagrams in
Eq. (27) has an IR divergence that is not regulated by λ, but the IR divergence in the sum
of the integrands for the two diagrams is regulated.
Additional α2s/v diagrams are generated by including one insertion of the Coulomb po-
tential and one order v0 potential:
Vc Vr
2 +
Vr Vc
2 =
iV(T )c V
(T )
r
m
TATB ⊗ T¯AT¯B
(
IF + 2 p
2 I0
)
, (28a)
Vc Vs
2 +
Vs Vc
2 =
iV(T )c V
(T )
s
m
TATB ⊗ T¯AT¯B
(
2IP S
2
)
, (28b)
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Vc VΛ
2 +
VΛ Vc
2 =
iV(T )c V
(T )
Λ
m
TATB ⊗ T¯AT¯B
(
2k2 Λ(p′,p) IA
)
, (28c)
Vc Vt
2 +
Vt Vc
2 =
−iV(T )c V
(T )
t
2m
TATB ⊗ T¯AT¯B
[
k · σ1 k · σ2(12IC + 3I0)
− 4σ1 · σ2(IP − 3IB) +R(12ID − 12IA + 3I0)
]
, (28d)
Vc Vs,a
2 +
Vs,a Vc
2 =
iV(T )c V
(T )
s,a
m
TATB ⊗ T¯AT¯B
(
S2 2IP
)
+
iV(T )c V
(1)
s,a
m
TA ⊗ T¯A
(
S2 2IP
)
. (28e)
The last two diagrams involve insertions of terms in the potential generated by the tree
level annihilation diagram. In Eqs. (27) and (28) the dependence on 1⊗ 1 potentials whose
coefficients vanish at tree level are not shown. Thus, both the 1⊗1 and T ⊗ T¯ contributions
are only shown in Eq. (28e). The new integrals IP , IA, IB, IC , and ID that appear in Eq. (28)
are given in Appendix B, and R is defined in Eq. (20).
The infrared divergences in the 1/v amplitude are due to the Coulomb singularity. The
divergences in the full theory are reproduced by the potential loops in Eqs. (27) and (28).
The imaginary terms in the amplitude from the QCD box graph exactly agree with those
in the effective theory, and do not contribute in the matching coefficients, as expected.
Subtracting the effective theory graphs in Eqs. (27) and (28) from the order α2s/v terms
in Eq. (19), (21)a,b and (23)c gives the matching result for the V (−1) potential at µ = m,
ν = 1:
V
(T )
k = α
2
s(m)
(7CA
8
−
Cd
8
)
, V
(1)
k = α
2
s(m)
C1
2
. (29)
For the color singlet channel this gives the matching coefficient V
(s)
k = α
2
s(m)(C
2
F/2−CFCA)
in agreement with Ref. [23]. Note that the real part of the 1/v amplitudes in the full and
effective theory have a complicated dependence on p and k, but the momentum dependence
of the matching for the direct potentials in Eq. (29) is only of the form 1/ |k|. For the
annihilation graphs the 1/p terms cancel between the full and effective theories. There
would have been a 1/p matching coefficient for the annihilation graphs if the results of
Ref. [22] had been used for the full theory graph.
The matching coefficients in Eq. (29) correspond to a contribution to the 1/v potential at
the scale µ = m, which does not come from the hard part of any graph. This is in apparent
15
contradiction with the threshold expansion. It also appears to disagree with Refs. [19] and
[31], where the 1/|k| four-quark potential operator is said to only arise at the scale mv.
However, in Refs. [19] and [31] a formulation of NRQCD is being used in which off-shell
potential field components have not been integrated out for scales mv < µ < m, but instead
are considered to be dynamical fields in the Lagrangain (see Refs. [7,10]). In the full theory
the 1/|k| terms come from three types of graphs, shown in Eq. (19) and Eqs. (21a,b). At
the scale m there are now effective theory graphs analogous to those in Eq. (21b) but with
two A0 potential gluons and one Ai potential gluon, which reproduce the 1/|k| term. For
the box and crossed box in Feynman gauge the 1/|k| terms are reproduced by contributions
that can be associated with the potential momentum regime. Thus, in Refs. [19] and [31]
the 1/|k| potential in Eq. (29) effectively exists at the scale m. In our approach off-shell
potential gluons and soft quarks are integrated out, so the matching for the 1/|k| potential
is not simply given by the hard part of the QCD diagrams.
4. Order v0
For the order α2sv
0 matching we will consider the direct and annihilation diagrams sepa-
rately. The sum of the order α2sv
0 terms in the direct scattering QCD diagrams in Eqs. (19)
and (21) is
−
iα2s(µ)
m2
(1⊗ 1)C1
[
4− 2S2 + 2 ln
( k
m
)
−
8
3
ln
(λ
k
)]
(30)
−
iα2s(µ)
m2
(TA ⊗ T¯A)
[
p2
k2
{
31CA
9
+
16CA
3
ln
(λ
µ
)
+
38CA
3
ln
(µ
k
)}
+
{
2CF − 3CA − Cd +
(8CF
3
+
2Cd
3
− 2CA
)
ln
(λ
µ
)
+
(7Cd
6
−
43CA
6
)
ln
(µ
k
)
+
(8CF
3
+
31CA
6
−
Cd
2
)
ln
( µ
m
)}
+Λ
{
−
31CA
6
− 4CF − 7CA ln
(µ
k
)
− 4CA ln
( µ
m
)}
+S2
{
Cd
2
−
17CA
54
−
4CF
3
−
CA
9
ln
(µ
k
)
−
7CA
3
ln
( µ
m
)}
+T
{
−
49CA
108
−
CF
3
−
5CA
18
ln
(µ
k
)
−
CA
3
ln
( µ
m
)}
−nfTF
{
4
3
ln
(µ2
k2
)
+
20
9
}{
p2
k2
−
S2
3
−
3Λ
2
−
T
12
}
−
4TF
3
ln
( µ2
m2
){p2
k2
−
S2
3
−
3Λ
2
−
T
12
}
+
4TF
15
]
.
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The effective theory contribution from order α2sv
0 diagrams with soft gluons, ghosts or quarks
is:
=
iα2s(µS)
m2
(1⊗ 1)
[
14C1
3
ln
(µS
k
)
−
C1
3
]
(31)
+
iα2s(µS)
m2
(TA ⊗ T¯A)
[
CA ln
(µS
k
){43
6
−
38p2
3k2
+ 7Λ +
S2
9
+
5T
18
}
−
7Cd
6
ln
(µS
k
)
+
Cd
12
+
7CA
3
−
31CAp
2
9k2
+
7CAΛ
6
−
14CAS
2
27
+
13CAT
108
+nfTF
{
4
3
ln
(µ2S
k2
)
+
20
9
}{
p2
k2
−
S2
3
−
3Λ
2
−
T
12
}]
.
There are also non-zero order α2sv
0 diagrams with an ultrasoft gluon and one insertion of
the Coulomb potential. These diagrams were calculated in Ref. [20]:
+ . . . =
8i
3m2
αs(µS)αs(µU) ln
(µU
λ
)[
− C1(1⊗ 1)
+(T ⊗ T¯ )
{
CF +
Cd
4
−
3CA
4
+
2p2CA
k2
}]
. (32)
In Eq. (32) the ellipses denote all possible diagrams that are generated by attaching the
ultrasoft gluon to two fermion legs. Subtracting the sum of Eq. (31) and (32) from Eq. (30)
and setting µ = µS = µU = m gives the one-loop matching contribution for the order v
0
direct potentials. At order v0 we find that all the infrared divergences in QCD are matched
by infrared divergences from the effective theory graphs with ultrasoft gluons. All ln(k)’s
in the full theory are matched by ln(k)’s in Eq. (31). The contributions to the matching
coefficients at one-loop are:
V(T )r = 0 , V
(1)
r = 0 ,
V
(T )
Λ = −4(CF + CA)α
2
s(m) , V
(1)
Λ = 0 ,
V(T )s =
(
1
2
Cd −
5
6
CA −
4
3
CF
)
α2s(m) , V
(1)
s = −2C1 α
2
s(m) ,
V
(T )
t = −
1
3
(CF + CA)α
2
s(m) , V
(1)
t = 0 ,
V
(T )
2 =
(
2CF −
11
12
Cd −
2
3
CA +
4
15
TF
)
α2s(m) , V
(1)
2 =
11
3
C1 α
2
s(m) .
(33)
The total order α2sv
0 matching coefficients are given by adding the tree level values in Eq. (16)
to the results in Eq. (33), and are summarized in Table I at the end of the paper.
Next consider the matching of the order α2sv
0 annihilation contributions. Since there are
no corresponding diagrams in the effective theory, the sum of the α2sv
0 terms in Eq. (23)
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directly give the matching coefficients. This sum is infrared finite. Matching at µ = m,
ν = 1 we find that the one-loop annihilation contributions to the potential coefficients are:
V(T )s,a =
( Cd
4Nc
− 2C1
)
(iπ + 2− 2 ln 2) α2s(m)
+
1
Nc
{
109CA
36
− 4CF +
nfTF
3
(
2 ln 2−
5
3
− iπ
)
−
8TF
9
}
α2s(m) ,
V(1)s,a =
{
C1
Nc
+
Cd(N
2
c − 1)
8N2c
}
(iπ + 2− 2 ln 2) α2s(m)
+
(N2c − 1)
2N2c
{
109CA
36
− 4CF +
nfTF
3
(
2 ln 2−
5
3
− iπ
)
−
8TF
9
}
α2s(m) ,
V
(T )
2,a = −2
( Cd
4Nc
− 2C1
)
(iπ + 2− 2 ln 2) α2s(m) ,
V
(1)
2,a = −2
{
C1
Nc
+
Cd(N
2
c − 1)
8N2c
}
(iπ + 2− 2 ln 2) α2s(m) . (34)
The imaginary terms in these potentials contribute to the cross section for annihilation of
a color octet heavy quark and anti-quark into light hadrons, and agree with the results of
Ref. [5]. The total annihilation contribution to the order α2sv
0 matching coefficients are given
by adding the tree level results in Eq. (17) to the results in Eq. (34), and are summarized
in Table I.
If a different matching scale, µh, had been used then the coefficients in Eqs. (33) and
(34) would also depend on ln(µh/m). Since the prediction for observables is independent of
µh the most convenient choice, µh = m, has been adopted.
In the threshold expansion, the full QCD diagram is the sum of hard, soft, ultrasoft and
potential graphs. The soft, ultrasoft and potential graphs are the graphs in the effective
theory up to renormalization effects such as the dependence on the scales µS and µU . The
matching conditions in Eq. (33) and (34) can also be computed from the hard part of the
full theory graphs, and we have verified that this gives the same result as in Eqs. (33) and
(34). The matching onto four-quark operators was first considered by Pineda and Soto in
the context of pNRQCD [12]. In their approach, the hard parts of the vertex correction
and wavefunction renormalization are included in matching coefficients in the single heavy
quark sector of the Lagrangian. The direct matching for four-quark operators is given by
the hard part of the box and crossed-box. The hard part of our box and crossed-box agree
with Ref. [12], except for the finite part of the σ1 · σ2 terms, which causes our V
(T )
2 and
V(T )s to disagree with theirs. This is related to the treatment of epsilon tensors and the
non-relativistic reduction of matrix elements of spin operators in d dimensions. We have
chosen to take the lowest order term in the matrix element of γ[αγσγβ] ⊗ γ[αγτγβ] to be
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ǫαβσkǫαβτk′ σ
k
1σ
k′
2 , and have used the ’t Hooft-Veltmann scheme for the epsilon tensors so
that ǫµναβ and ǫ
ijk are only non-zero when the indices are in four and three dimensions
respectively. This convention was used in both the soft loop integrals as well as when cross
checking our result by computing the hard part of the box diagrams using the threshold
expansion. This scheme dependence is related to the issue of evanescent operators [36–38].
The annihilation results in Eq. (34) agree completely with Ref. [12].
Note that in a leading-log expansion the two-loop anomalous dimension is needed at the
same time as the one-loop matching results. In the color-singlet channel the 1/v2 two-loop
anomalous dimensions is known [1,2], since the running of the Coulomb potential is still given
by the QCD β-function at this order. The result for the two-loop anomalous dimension for
V (−1) will be presented in another publication [39].
III. TERMS IN THE POTENTIAL WHICH VANISH ON-SHELL.
For the scattering Q(p01,p) + Q¯(p
0
2,−p)→ Q(p
0
3,p
′) + Q¯(p04,−p
′) consider adding
V (0) =
[
V
(T )
∆1 (T
A ⊗ T¯A) + V
(1)
∆1 (1⊗ 1)
]
(p03 − p
0
1)
2
k4
+
[
V
(T )
∆2 (T
A ⊗ T¯A) + V
(1)
∆2 (1⊗ 1)
]
(p′2 − p2)2
4m2k4
(35)
to the potential in Eq. (14). Here k = p′ − p and by energy conservation p03 − p
0
1 = p
0
2 − p
0
4.
On-shell the potentials in Eq. (35) vanish, since p01 = p
0
3, p
0
4 = p
0
2, and p
2 = p′2. However, if
we work off-shell, they are valid terms and in fact show up in many calculations that make
use of time-ordered perturbation theory.
Matching to the tree level diagrams in Fig. 1 with p01 6= p
0
3 gives a contribution to the
potentials in Eq. (35). In Feynman gauge one finds
V
(T )
∆1 = 4παs(m) , V
(1)
∆1 = 0 , V
(T )
∆2 = 0 , V
(1)
∆2 = 0 , (36)
while in Coulomb gauge one gets a different answer
V
(T )
∆1 = 0 , V
(1)
∆1 = 0 , V
(T )
∆2 = −4παs(m) , V
(1)
∆2 = 0 . (37)
Unlike the on-shell potentials discussed in the previous section, the matching conditions
for off-shell potentials are gauge dependent. Using the expressions for the soft vertices in
Feynman gauge in Appendix A, the one loop anomalous dimensions are
ν
∂
∂ν
V
(T )
∆2 = −2β0αs(mν)
2 , ν
∂
∂ν
V
(T )
∆1 = ν
∂
∂ν
V
(1)
∆1 = ν
∂
∂ν
V
(1)
∆2 = 0 . (38)
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Including the potential in Eq. (35) modifies the matching condition for the 1/|k| poten-
tials and also makes this matching gauge dependent. This is because in the effective theory
there are now two new order α2s/v diagrams:
Vc V∆
2 +
V∆ Vc
2 =
iV(T )c V
(T )
∆
32mk
TATB ⊗ T¯AT¯B +
iV(T )c V
(1)
∆
32mk
TA ⊗ T¯A + . . . .
(39)
In Eq. (39) the box labeled by V∆ denotes an insertion of both operators in Eq. (35), the
ellipses denote operators that vanish by the equations of motion (proportional to p01−p
2/2m,
p03 − p
′ 2/2m etc.), and we have defined
V
(T )
∆ = V
(T )
∆1 + V
(T )
∆2 , V
(1)
∆ = V
(1)
∆1 + V
(1)
∆2 . (40)
In Feynman gauge the matching conditions in Eq. (29) now become
V
(T )
kF = α
2
s(m)
(3CA
4
−
Cd
4
)
, V
(1)
kF = α
2
s(m)C1 , (41)
while in Coulomb gauge
V
(T )
kC = CA α
2
s(m) , V
(1)
kC = 0 . (42)
The 1/|k| potential is often referred to as the non-abelian potential. From Eqs. (41) and
(42), we see that the 1/|k| potential only vanishes in QED if the potential is taken to include
off-shell components and Coulomb gauge is used.
The result in Eq. (39) shows that in the off-shell matching potential one can make the
replacements
V
(T )
∆ → V
(T )
∆ + ζ
(T ) , (43)
V
(1)
∆ → V
(1)
∆ + ζ
(1) ,
V
(T )
k → V
(T )
k +
1
32π2
V (T )c
[
ζ (1) −
1
4
(CA + Cd)ζ
(T )
]
,
V
(1)
k → V
(1)
k +
1
32π2
V (T )c C1ζ
(T ) ,
for arbitrary ζ (T,1). For instance, at the matching scale taking ζ (1) = 0, ζ (T ) = −8παs(m)
effectively transforms the Feynman gauge result in Eqs. (36) and (41) into the Coulomb gauge
result in Eqs. (37) and (42). Furthermore, taking ζ (1) = 0 and ζ (T ) = 4παs(m) transforms the
off-shell Coulomb gauge result into the on-shell result in section II. These transformations
convert terms in the potential that are order αsv
0 to order α2s/v. Similar transformations for
the position space color singlet potentials have been pointed out previously in Refs. [25–27].
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IV. THE QUARK-QUARK POTENTIAL
The quark-quark potentials in the effective theory can be defined in the same way as the
quark-antiquark potentials. The only difference is that the V (T ) terms are now the coefficient
of the TA ⊗ TA tensor, rather than the TA ⊗ T¯A tensor. The computation of the quark-
quark potential is almost identical to that of the quark-antiquark potential. The result can
be obtained from the quark-antiquark potential by omitting the annihilation terms, and
making the substitutions Cd → −Cd and T¯
A → TA. The change in sign of Cd arises from
the identities in Eq. (12). Replacing T¯ by T in these equations changes the sign of the Cd
terms.
The potential in the symmetric and antisymmetric QQ color channels (the 6 and 3¯ for
SU(3)) are given by 
 Vsymmetric
Vantisymmetric

 =

 1
Nc−1
2Nc
1 −Nc+1
2Nc



 V1⊗1
VT⊗T

 . (44)
The spin-1 QQ combination is spin-symmetric and the spin-0 QQ combination is spin-
antisymmetric. For identical fermions in the initial state, for the symmetric spin-color states
we must antisymmetrize the potential in the momenta, V = V (p,p′) − V (−p,p′), and for
the antisymmetric spin-color states we must symmetrize the potential in the momenta,
V = V (p,p′) + V (−p,p′). This corresponds to including the crossed diagrams in the
computation of the potentials.
V. QED
It is straightforward to obtain the QED potential from our results. For oppositely charged
particles of charge ±Q, the QED direct potential is given by Q2(V1⊗1 − VT⊗T¯ ), where V1⊗1
and VT⊗T¯ are given by our QCD results with C1 = CF = TF = 1, CA = Cd = 0, and αs → α.
The on-shell 1/|k| potential does not vanish in this limit. In the results for the annihilation
potentials at the scale m in Eqs. (17) and (34), explicit factors of Nc were included in the
Fierz transformation, so it is simplest to just separately list the QED limit of these results:
V(T )s,a = −(iπ + 2− 2 ln 2) α
2(m)Q2 ,
V(1)s,a = π α(m) +
{
−
44
9
+
nf
3
(
2 ln 2−
5
3
− iπ
)}
α2(m)Q2 ,
V
(T )
2,a = 2(iπ + 2− 2 ln 2) α
2(m)Q2 ,
V
(1)
2,a = 0 . (45)
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For e+e− we have nf = 0 and the terms in our v
0 potentials agree with Ref. [15].
For identical particles with charge Q, there is only the direct potential contribution,
which is given by Q2(V1⊗1 + VT⊗T ), with C1 = CF = TF = 1, CA = Cd = 0, and αs → α
as above. As discussed in Section IV, including the crossed diagrams gives a final potential
that is symmetric or antisymmetric in the momenta depending on the symmetry of the spin
state.
VI. CONCLUSION
We have computed the QQ¯ and QQ scattering amplitudes in QCD to order v2, and
compared our results with previous calculations. We have also computed the scattering
graphs in vNRQCD, and computed the matching condition at µ = m between the two
theories. The matching potential was computed using on-shell matching, omitting terms
which vanish by the equations of motion. The result was compared with approaches that
include terms in the potential that vanish on-shell. The one-loop matching coefficients are
summarized in Table I, and can be combined with the two-loop running to give the potential
at next to leading log order. The computation of the heavy quark production current at
next to leading logarithmic order uses these results and will be discussed in a subsequent
publication [39].
We would like to thank A. Hoang and J. Soto for discussions. This work was supported
in part by the Department of Energy under grant DOE-FG03-97ER40546.
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TABLE I. Matching coefficients for the quark-antiquark potential at µ = m, ν = 1. The
tree-level contributions are the order αs terms, and the one-loop corrections are the order α
2
s
terms. The values are for the on-shell potential, so all off-shell potentials such as the V∆ potentials
in Eq. (35) are set to zero. Contributions to the matching from annihilation diagrams are given
separately and are denoted by an extra subscript a.
V(T )c 4παs(m)
V(1)c 0
V
(T )
k α
2
s(m)
(
7
8
CA −
1
8
Cd
)
V
(1)
k α
2
s(m)
1
2
C1
V(T )r 4παs(m)
V(1)r 0
V
(T )
Λ −6παs(m)− 4(CF + CA)α
2
s(m)
V
(1)
Λ 0
V(T )s −
4
3
παs(m) +
(
1
2
Cd −
5
6
CA −
4
3
CF
)
α2s(m)
V(1)s −2C1 α
2
s(m)
V
(T )
t −
1
3
παs(m)−
1
3
(CF + CA)α
2
s(m)
V
(1)
t 0
V
(T )
2
(
2CF −
11
12
Cd −
2
3
CA +
4
15
TF
)
α2s(m)
V
(1)
2
11
3
C1 α
2
s(m)
V(T )s,a
1
Nc
παs(m) +
(
1
4Nc
Cd − 2C1
)
(iπ + 2− 2 ln 2) α2s(m)
+ 1
Nc
{
109
36
CA − 4CF +
nfTF
3
(
2 ln 2− 5
3
− iπ
)
− 8TF
9
}
α2s(m)
V(1)s,a
(N2c−1)
2N2c
π αs(m) +
{
1
Nc
C1 +
(N2c−1)
8N2c
Cd
}
(iπ + 2− 2 ln 2) α2s(m)
+ (N
2
c−1)
2N2c
{
109
36
CA − 4CF +
nfTF
3
(
2 ln 2− 5
3
− iπ
)
− 8TF
9
}
α2s(m)
V
(T )
2,a −2
(
1
4Nc
Cd − 2C1
)
(iπ + 2− 2 ln 2) α2s(m)
V
(1)
2,a −2
{
1
Nc
C1 +
(N2c−1)
8N2c
Cd
}
(iπ + 2− 2 ln 2) α2s(m)
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APPENDIX A: COEFFICIENTS FOR THE SOFT LAGRANGIAN
The coefficient functions for the soft Lagrangian in Eq. (9) in Feynman gauge are:
U
(0)
00 =
1
q0
, U
(0)
0i = −
(2p′ − 2p− q)i
(p′ − p)2
, U
(0)
i0 = −
(p− p′ − q)i
(p′ − p)2
, U
(0)
ij =
−2q0δij
(p′ − p)2
,
U
(1)
00 =
(p′ + p) · q
2m(q0)2
−
(p′ + p) · q
m(p′ − p)2
−
icF σ · [q× (p− p
′)]
m(p′ − p)2
+
(p′ 2 − p2)
2m(p′ − p)2
, (A1)
U
(1)
0i = −
(p+ p′)i
2mq0
+
icF (q× σ)
i
2mq0
+
q0(p+ p′)i
2m(p′ − p)2
+
icF q
0[(p− p′)× σ]i
2m(p′ − p)2
,
U
(1)
i0 = −
(p+ p′)i
2mq0
−
icF [(p− p
′ + q)× σ]i
2mq0
+
q0(p+ p′)i
2m(p′ − p)2
+
icF q
0[(p− p′)× σ]i
2m(p′ − p)2
,
U
(1)
ij =
icF ǫ
ijk
σ
k
2m
+ [2δijqm+δim(2p′−2p−q)
j
+δjm(p−p′−q)
i
]
×
[(p+p′)m+icF ǫmkl(p−p′)kσl
2m(p′ − p)2
]
,
U
(2)
00 = −
cD(p
′ − p)2
8m2q0
+
cS iσ · (p
′ × p)
4m2q0
+
(p · q)2 + (p′ · q)2
2m2(q0)3
+
(2− cD)(p− p
′) · q
4m2q0
+
(1− cD)q
2
4m2q0
,
U
(2)
0i = −
[p · q (2p+ q)i + p′ · q (2p′ − q)i ]
4m2(q0)2
+
icF [q× σ]
i (p+ p′) · q
4m2(q0)2
+
(cD − 1)(p− p
′ + q)i
4m2
+
(2p′ − 2p− q)i
4m2
[
cD
2
−
cS iσ · (p
′ × p)
(p′ − p)2
]
+
(p′ 2 − p2)
4m2(p′ − p)2
[
(p+ p′)i + cF iσ · (p
′ × p)
]
−
(2p′ − 2p− q)i (p′ 2 − p2)2
4m2(p′ − p)4
,
U
(2)
i0 = −
[p · q (p+ p′ + q)i + p′ · q (p+ p′ − q)i ]
4m2(q0)2
−
icF [(p− p
′ + q)× σ]i (p+ p′) · q
4m2(q0)2
+
(cD − 1)q
i
4m2
+
(p− p′ − q)i
4m2
[
cD
2
−
cS iσ · (p
′ × p)
(p′ − p)2
]
−
(p′ 2 − p2)
2m2(p′ − p)2
[
(p+ p′)i + cF iσ · (p
′ × p)
]
−
(p− p′ − q)i (p′ 2 − p2)2
4m2(p′ − p)4
,
U
(2)
ij =
(p+ p′)i(p+ p′)j
4m2q0
+
c2F (p− p
′) · q δij
4m2q0
+
icF (p+ p
′)j [(p− p′)× σ]i
4m2q0
−
icF ǫ
ijkqkσ · (p+ p′)
4m2q0
+
icF ǫ
ijk
σ
k(p+ p′) · q
4m2q0
+
(1− c2F )q
i(p− p′ + q)j
4m2q0
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+
c2F q
2δij
4m2q0
−
iδijq0cS iσ · (p
′ × p)
2m2(p′ − p)2
−
2q0δij(p′ 2 − p2)2
4m2(p′ − p)4
,
W (0)µν = 0 ,
W
(1)
00 =
1
2m
+
(p− p′) · q
2m(q0)2
, W
(1)
0i = −
(p− p′ + q)i
2mq0
, W
(1)
i0 =
−qi
2mq0
, W
(1)
ij =
δij
2m
,
Y (0) =
−q0
(p′ − p)2
, Y (1) =
q · (p+ p′) + icF σ · [q× (p− p
′)]
2m(p′ − p)2
,
Y (2) =
cD q
0
8m2
−
cS iσ · (p
′ × p)q0
4m2(p′ − p)2
,
Z
(0)
0 =
1
(p′ − p)2
, Z
(0)
i = 0 , Z
(1)
0 = 0 , Z
(1)
i =
−(p+ p′)i − icF [(p− p
′)× σ]i
2m(p′ − p)2
,
Z
(2)
0 = −
1
4m2
[
cD
2
−
cS iσ · (p
′ × p)
(p′ − p)2
]
, Z
(2)
i = 0 .
These expressions differ from those in Ref. [20] by terms proportional to p′ 2 − p2, and the
values in Eq. (A1) are the complete on-shell expressions. The p′ 2 − p2 terms were not
needed in calculating the one-loop running of the on-shell order v0 potentials in Ref. [20].
In section III, these terms were used to compute the running of the off-shell potential in
Eq. (38), and this result depends on the fact that we used the on-shell soft Lagrangian. The
coefficients in Eq. (A1) can be written in a manifestly Hermitian form, however we have
instead used q′ = q+ p− p′ and q′ 0 = q0 + p0 − p′ 0 to eliminate q ′ since this form is more
convenient for calculations. Reparameterization invariance [40] can be used to eliminate cS
by the relation cS = 2cF − 1. The running of cD and cF are given in Refs. [41].
APPENDIX B: INTEGRALS
The effective theory integrals that appear in Eqs. (27) and (28) are
I0 =
∫
d3q
1
[(q− p)2 + λ2][(q− p′)2 + λ2][q2 − p2 − iǫ]
=
−i
8π|p|k2
ln
(
λ2
k2
)
, (B1)
IF =
∫
d3q
1
(q− p)2(q− p′)2
=
1
8|k|
,
IP =
∫
d3q
1
[(q− p′)2 + λ2][q2 − p2 − iǫ]
=
1
16|p|
+
i
8π|p|
ln
(
2|p|
λ
)
,
and
∫
d3q
qi
[(q− p)2 + λ2][(q− p′)2 + λ2][q2 − p2 − iǫ]
= (p′ + p)i IA , (B2)
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∫
d3q
qiqj
[(q− p)2 + λ2][(q− p′)2 + λ2][q2 − p2 − iǫ]
= δijIB + (p
′ − p)i(p′ − p)jIC
+(p′ + p)i(p′ + p)jID ,
where k = p′ − p and
IA =
(2|p||k| − k2)π − 2ik2 ln
(
2|p|
λ
)
− 4ip2 ln
(
λ2
k2
)
16π|p|k2(4p2 − k2)
, (B3)
IB =
(2|p| − |k|)π + 2i|p| ln
(
4p2
k2
)
16π(4p2 − k2)
,
IC =
(2|p||k| − k2)π − 2i(4p2 − k2)− 2ik2 ln
(
2|p|
λ
)
− 4ip2 ln
(
λ2
k2
)
32π|p|k2(4p2 − k2)
,
ID =
1
32π|p|k2(4p2 − k2)2
[
(2|p| − |k|)2(4|p|+ |k|)|k|π + 2ik2(4p2 − k2)
−2ik2(12p2 − k2) ln
(2|p|
λ
)
− 4ip2(4p2 + k2) ln
(λ2
k2
)]
.
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